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Abstract 

We discuss two generalizations of Lie groupoids. One consists of Lie n-groupoids 
defined as simplicial manifolds with trivial 7rfc>„+i. The other consists of stacky Lie 
groupoids Q ^ M with G a differentiable stack. We build a 1-1 correspondence be- 
tween Lie 2-groupoids and stacky Lie groupoids up to a certain Morita equivalence. 
Equivalences of these higher groupoids are also described. 
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1 Introduction 

Recently there has been much interest in higher group(oid)s, which generahze the notion 
of group(oid)s in various ways. Some of them turn out to be unavoidable to study problems 
in differential geometry. An example comes from the string group, which is a 3-connected 
cover of Spin{n). More generally, to any compact simply connected group G one can 
associate its string group Stringc- It has various models, given by Solz and Teichner 
|Sto96| [ST04| using an infinite dimensional extension of G, by Brylinski |BM94| using a 
[/(l)-gerbe with the connection over G, and recently by Baez et al. [BCSSj using Lie 2- 
groups and Lie 2-algebras. Henriques |Hen| constructs the string group as a higher group 
in the setting of this paper and as an integration object of a certain Lie 2-algebra using an 



integration procedure similar to that of |Sl IZhuj . 

Other examples come from a kind of etale stacky groupoids (Weinstein groupoids) 
|TZQ6aj . They are the 1-1 global objects integrating Lie algebroids, where a Lie alge- 
broid could be roughly understood as a bundle of Lie algebras. Notice that unlike (finite 
dimensional) Lie algebras which always have associated Lie groups. Lie algebroids do not 
always have associated Lie groupoids |AM84l[AM85| . One needs to enter the world of stacky 
groupoids to obtain the desired 1-1 correspondence. Since Lie algebroids are closely related 
to Poisson geometry, this result applies to complete the first step of Weinstein's program 
of quantization of Poisson manifolds: to associate to Poisson manifolds their symplectic 
groupoids |Wei83[ IWXflT] . It turns out that some "non-integrable" Poisson manifolds can- 
not have symplectic (Lie) groupoids. This problem is solved in [TZ06b| with the above 
result so that every Poisson manifold has a corresponding etale stacky symplectic groupoid. 

Higher group(oid)s were already studied in the early twentieth century by Whitehead 
and his followers under various terms, such as cross-modules. However in this paper we 
use a uniform method to describe higher (respectively Lie) groupoids using simplicial sets 
|May92| (respectively manifolds) since it is believed that there should be an equivalence 
between n-groupoids and spaces whose homotopy groups are trivial above 7r„ (also called n- 
coskeleta or n-truncated homotopy types)0- The 0-simplices of the simplicial set correspond 
to the objects, the 1-simplices to the arrows (or 1-morphisms), and the higher dimensional 
simplices the higher morphisms. This method becomes more suitable especially when we 
are dealing with the differentiable category. 

Recall that a simplicial set (respectively manifold) X is made up by sets (respectively 
manifolds) and structure maps 

: Xn Xn^i (face maps) : Xn — > Xn+i (degeneracy maps), for i G {0, 1, 2, . . . , n} 



^This was suggested (indirectly) by Jacob Lurie to the author, however it was known much earlier, for 
example, by Duskin and Glenn [Dus79l [Gle82) . 
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that satisfy the coherence conditions 
dJ^-^d!^ = d^Zld^ if i < j, sfs 



n„n-l 
j 



c^sr^ = s]Z^d^-^ if i < j, d]ls]-^ = id = d]+^s^ 



n—l 



d7s]-' 



(1) 



The first two examples are the simphcial m-simplex A[m] and the horn A[m,j] with 

(AH)„ = {/ : (0, 1, . . . , n) ^ (0, 1, . . . , m)\f{i) < f{j),yi < j}, 
{A[m,j])n = {/ € (A[m])„|{0, . . . ,j - IJ + 1, . . . ,m} ^ {/(O), . . . , f{n)}}. 



(2) 



In fact the horn A[m,j] is a simphcial set obtained from the simplicial m-simplex A[m] 
by taking away its unique non-degenerate m-simplex as well as the j-th of its m, -I- 1 non- 
degenerate (m — l)-simplices, as in the following picture (in this paper all the arrows are 
oriented from bigger numbers to smaller numbers): 




• • • — ^ — • 

A[l,l] A[1,0] A[2,2] A[2,l] A[2,0] 



A[3,3] 



A[3,2] 



A simplicial set X is Kan if any map from the horn A[m, j] to X (m > 1, j = 1, . . . , m,), 
extends to a map from A[m]. Let us call Kan{m, j) the Kan condition for the horn A[m, j]. 
A Kan simplicial set is therefore a simplicial set satisfying Kan{m,j) for all m > 1 and 
< j < m. In the language of groupoids, the Kan condition corresponds to the possibility 
of composing various morphisms. For example, the existence of a composition for arrows is 
given by the condition Kan{2, 1), whereas the composition of an arrow with the inverse of 
another is given by Kan{2,0) and Kan{2,2). 




Kan(2,2) Kan(2,l) Kan(2,0) (3) 

Note that the composition of two arrows is in general not unique, but any two of them 
can be joined by a 2-morphism h given by Kan(3, 1). 



Here, h ought to be a bigon, but since we don't have any bigons in a simphcial set, we 
view it as a triangle with one of its edges degenerate. The degenerate 1-simplex above z is 
denoted l^. 

In an n-groupoid, the only well defined composition law is the one for n-morphisms. 
This motivates the following definition. 

Definition 1.1. An n-groupoid (n € N U oo) X is a simplicial set that satisfies Kan{m,j) 
for all < J < m > 1 and Kan\{m, j) for all < j < m < n, where 

Kan{m, j): Any map A[m,j] — > X extends to a map A[m] — > X. 

Kanl{m, j): Any map A[m,j] X extends to a unique map A[m] — > X. 
An cxD-groupoid will be called a homotopy type. 

An n-group is an n-groupoid for which Xq is a point. When n = 2, they are the same 
as the weak 2-group(oid)s in [Nod but different from the various kinds of 2-group(oid)s or 
double groupoids in [BL041 [BS 76jn. A usual groupoid (category with only isomorphisms) is 
equivalent to a 1-groupoid in the sense of Definition 1 1.11 Indeed, from a usual groupoid, one 
can form a simplicial set whose n-simplices are given by sequences of n composable arrows. 
This is a standard construction called the nerve of a groupoid and one can check that it 
satisfies the required Kan conditions. 

On the other hand, a 1-groupoid X in the sense of D efinit ion II . II gives us a usual groupoid 
with objects and arrows given respectively by the 0-simplices and 1-simplices of X. The 
unit is provided by the degeneracy Xq —f Xi, the inverse and composition are given by the 
Kan conditions Kan{2, 0), Kan{2, 1) and Kan{2, 2) as in ([3|), and the associativity is given 
by Kan{3, 1) and Kanl{2, 1). 



b b b 




Proof of associativity. 



^ See [Hen] for an explanation of the relation with |BL04) . 
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This motivates the corresponding definition in the differentiable category. 

Definition 1.2. A Lie n-groupoid X (n S N U oo) is a simplicial manifold that satisfies 
Kan{m,j) for all < j < m > 1 and Kan\{m, j) < j < m < n, where 
Kan{m, j): The restriction map hom(A[m],X) —f hom(A[m, j], X) is 

a surjective submersion. 
Kan\{m, j): The restriction map hom(A[m],X) hom{A[m, j], X) is 
a diffeomorphism. 
A Lie oo-groupoid will be called a Lie homotopy type. 

We view simplicial sets A[m] and A[m,j] as simplicial manifolds with their discrete 
topology. Then hom(S', X) denotes the set of homomorphisms of simplicial manifolds, with 
its natural topology, so hom(A[m],X) is just another name for X^- However the fact that 
hom{A[m, j], X) is a manifold is not obvious (see Section [2]). 

On the other hand, a stacky Lie (SLie) groupoid Q =^ M, following the concept of 
Weinstein (W-) groupoid in [TZOGaj . is a groupoid object in the world of differentiable 
stacks with its base M an honest manifold (see Definition [3]T] for detailed axioms). When Q 
is also a manifold, Q ^ M \s obviously a Lie groupoid. W-groupoids, which are etale SLie 
groupoids, provide a way to build the 1-1 correspondence with Lie algebroids. 

Given these two higher generalizations of Lie groupoids. Lie n-groupoids and SLie 
groupoids, arising from different motivations and constructions, we ask the following ques- 
tions: 

• Are SLie groupoids the same as Lie n-groupoids for some n? 

• If not exactly, to which extent they are the same? 

• Is there a way to also realize Lie n-groupoids as integration objects of Lie algebroids? 

In this paper, we answer the two first questions by 

Theorem 1.3. There is a one-to-one correspondence between SLie (respectively W-) groupoids 
and Lie 2-groupoids (respectively Lie 2-groupoids whose Xi is etale over hom(A[2, j], X)J 
modulo 1-Morita equivalence^ of Lie 2-groupoids. 

The last question will be answered positively in a future work |Zhuj : 

Theorem 1.4. Let A he a Lie algebroid and let Lmor{—, — ) be the space of Lie algebroid 
homomorphisms satisfying suitable boundary conditions. Then 

Lmor{TA'^,A)/Lmor{TA^,A) ^ Lmor{TA^,A) Lmor{TA^,A), 



is a Lie 2-groupoid corresponding to the W-groupoid G{A) constructed in \TZ06a^ under the 
correspondence in the above theorem. 

For the first theorem, we (are forced to) develop Morita equivalence of Lie 2-groupoids, 
which is expected to be useful in the theory of 2-stacks and 2-gerbes and should correspond 
to Morita equivalence of SLie groupoids [BZ]. 



^Morita equivalences preserving Xq 
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We also find some technical improvements of the concept of SLie groupoids: it turns out 
that an SLie groupoid Q ^ M always has a "good groupoid presentation" G of ^, which 
possesses a strict groupoid map M —> G. Moreover the condition on the inverse map could 
be simplified. 

Acknowledgements: Here I would like to thank Henrique Bursztyn, Ezra Getzler, Alan 
Weinstein, for their hosts and very helpful discussions. I also thank Laurent Bartholdi and 
Marco Zambon for many editting suggestions. Finally I thank especially Andre Henriques 
who pointed out to me the potential correspondence of stacky groupoids and Lie 2-groupoids 
during the conference of "Groupoids and Stacks in Physics and Geometry" in CIRM-Luminy 
2004. I owe a lot to discussions with Andre. He contributed the exact definitions of Lie 
n-groupoids and their equivalences, and also nice pictures! 

2 Lie n-groupoids 

In differential geometry, Lie groupoids have been studied a lot (See [CdSW99j for details). 
They are used to study foliations, and more recently orbifolds and differentiable stacks 
|Moe02| [EX] . Here we will try to convince the reader that it is fruitful to consider them 
within the context of Lie n-groupoids (Def. II. 2|) . especially if one wants to define and 
use sheaf cohomology. We shall also embed the category of manifolds in the category of 
Lie homotopy types by sending a manifold M to the constant simplicial manifold M with 
M „ = M. Note that the constant simplicial sets (the ones whose only non-degenerate 
simplices are 0-dimensional) are exactly the 0-groupoids and they form a category which is 
equivalent to the category of sets. Similarly, the constant simplicial manifolds are exactly 
the Lie 0-groupoids. In the future, we shall abuse language and say "X is a manifold" to 
mean "X is a constant simplicial manifold". 

As promised after Def. 11.21 we first prove the important fact that hom{A\j,m], X) is a 
manifold to make the definition complete. Since Lie n-groupoids are special Lie homotopy 
types (or you could call them Kan simplicial manifolds), we only have to show this fact for 
Lie homotopy types. 

Lemma 2.1. Let S be a finite k- dimensional collapsible simplicial set, namely one that can 
be obtained from the point by successively filling horns. Let X be a simplicial manifold that 
satisfies Kan{m,j), \/l < m < k, j = 0, . . . ,m. Then the space hom(S', X) is naturally a 
manifold. 

Here we assume that the spaces hom(A[m, j],X) are known to be manifolds when m <k, 
for the condition Kan{m,j) to make sense. 

Proof. Let 5" C 5 be a collapsible sub-simplicial set such that S is obtained from S' by 
filling one horn. In other words, there is a push-out diagram 

S' S 

\ u 



A[m,j] c f A[m] 
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where the lower arrow is the inclusion. When applying hom( ,X) to the above push-out, 
we get a pull-back diagram 

hom(5', X) horn {S, X) 

L 



hom(A[m, -< — hom(A[m],X) = X^ 

By induction on the number of simplices of S we may assume that hom(S",X) and 
hom(A[m, j], X) are known to be manifolds. Moreover, by Kan{m, j), the bottom arrow is 
a submersion. Therefore by transversality, hom(S', X) is a manifold. □ 

Since the horns A[m,j] are collapsible, we have: 

Corollary 2.2. Let X be a Lie homotopy type, then hom(A[m,, j], X) is a manifold. 

2.1 The description of Lie 2-group(oid)s with finite data 

Often the conventional way with only finite layers of data to understand Lie group (oid)s 
is more conceptual in differential geometry. Therefore it is worth giving also the finite 
description of Lie 2-groupoids. It turns out to be quite involved, however it provides a 
direct generalization of Lie groupoids and it is useful to pass to SLie groupoids. Moreover 
the version of 2-groupoid (not Lie) is completely analogous to it. 

The equivalent description of Lie 2-groupoids uses only three layers ^2^X1=^ Xq 
and associative "3-multiplications" |Dus79j . Following the notion of simplicial manifolds, we 
call d" and s" the face and degeneracy maps between Xi's; they still satisfy the coherence 
condition in ((T|). To simplify the notation and match it with the definition of groupoids, 
we use the notation t for dg, s for d\ and e for Sg. Then we can safely omit the upper 
indices for (i?'s and sj's. Actually we will omit the upper indices whenever it does not cause 
confusion. Similarly to the horn spaces hom(A[m, j], X), given only these three layers, we 
define A{X)m,j to be the space of m elements in Xm-i gluing along elements in Xm-2 to a 
horn shape without the j-th face. 




A(X),,A(X),,oA(X)2,2 A(X),,, A(X)2.o MX\, A(X\, ... 

Here one imagines each j-dimensional face as an element in Xj. For example, 

A(X)2,2 = Xi Xs,Xo,s Xi, A(X)2,1 = Xi Xt,X,),s Xi, A(X)2,0 = Xi Xt,Xo,t Xi, 
■■■,MX)3,0 = {X2 Xd2,Xi,di X2) '>^dixd2MX)2,o,dixd2 X2- 

We remark that item (fTal) and (fTbll in the proposition-definition below imply that 
A{X)2j 's and A{X)3j 's are manifolds. Then with this condition we can define 3-multiplications 
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as smooth maps rrii : A(X)3^j — > X2, i = 0, . . . ,3. With 3-multiphcations, there are natural 
maps between A(X)3 j's. For example, 

A(X)3^o ^A(X)3^i, hy {rji,r]2,rjs) ("io(?7i, 

It is reasonable to ask them to be isomorphisms. In fact, set theoretically, this simply says 
that the following four equations are equivalent to each other: 

Vo = mo{r]i,r]2,m), m = "T'i(?/o, %), 

Proposition-Definition 2.3. A Lie 2-groupoid can be also described by three layers X2 ^ 
Xi =^ Xq and the following data: 

1. the face and degeneracy maps (f^ and satisfying ([T]) for n = 1, 2 as explained above, 
and 

(a) [1-Kan] t and s are surjective submersions; 

(b) [2-Kan] do x : ^2 ^ A(^)2,i = ^1 Xt,Xo,s ^i, do x di : X2 ^ A(X)2,2 = 
Xi Xs,Xo,s Xi, and di x 3.2 : X2 ^ A(X)2,o = -^1 Xt,Xo,t Xi are surjective 
submersions. 

2. smooth maps (3-multiplications), 

rm: A(X)3,i^X2 i = 0,...,3. 

such that 

(a) the induced morphisms (by rrij as above) K{X)^^i A(X)3j are all isomor- 
phisms; 

(b) TTT-j's are compatible with the face and degeneracy maps: 

rj = mi{r], sq o di{r]), sq o d2{r])) (which is equivalent to ?? = mo(??, So ° di{r]), sq o ^2 (??))) , 
7] = m2(so ° do(??), T/, si o d2{r])) (which is equivalent to 77 = mi(so o do(?7), 77, si o ^2 (??))) , 
T] = m^^si o do{rj), si o di{rj),r]) (which is equivalent to ?? = m2(si o do{'r]), si o ^1(77), r/)) . 

(5) 

(c) mj's are associative, that is for a 5-simplex (0,1,2,3,4), 

0^ (6) 



3 




2 



if we are given faces (0,i,4)'s and (0, i,j)'s in X2, where i,j £ {1,2,3}, then the 
following two methods to determine the face (1,2,3) give the same element in 
X2: 
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i. (1,2,3) =mo((0,2,3), (0,1,3), (0,1, 2)); 

ii. we first obtain (i,j, 4) using mj's on (0,i,4)'s, then we have 

(1,2,3) =m3((2,3,4), (1,3, 4), (1,2,4)). 

Remark 2.4. Here we notice that the surjectivity of the maps in the 2-Kan condition (jlbp 
insure the existence of a usual (2-) multiphcation m : Xi Xt^Xo.s-'^i and an inverse i : Xi — > 
Xi as explained in the introduction. For example since cIq x d2 : X2 ^ A(X)2,i is surjective 
we could take a section of it and compose it with di : X2 — > Xi. This gives a multiplication 
map m, which is furthermore smooth if we take a smooth section. This can always be 
achieved by passing to an equivalent Lie 2-groupoid (see Section [6TT]l . However it is usually 
not associative on the nose, but only up to elements in X2. One could make it strictly 
associative by passing to an infinite dimensional model. But for us the important example 
coming from integrating Lie algebroids does not satisfy associativity on the nose. As stated 
in Theorem 11.41 the Lie 2-groupoid has Xi = Lmor{TA^,A), which is the space of ^-paths 
satisfying the boundary condition a(0) = a(l) = 0. The 2-multiplication m is simply the 
concatenation of A-paths which is only associative up to ^-homotopies. Moreover we can 
not simply mod out A-homotopies from Xi since the resulting space might not be a smooth 
manifold anymore. 

On the other hand, only having a usual 2-multiplication m and an inverse map i, it is 
not guaranteed that the maps in the 2-Kan condition (flbl) are submersions even when m 
and i are smooth. But being submersions is in turn very important to prove that X„>3 
are smooth manifolds. Hence in the differentiable category, we can not replace the 2-Kan 
condition by a usual 2-multiplication and an inverse. 

The nerve of ^2^X1^ Xq 

To show that what we defined just now is the same as Def. 11.21 we form the nerve of a 
Lie 2-groupoid X2 ^ Xi ^ Xq in Prop-Def. [231 We first define 

^3 = {{m^vi^m^vs) ■ m = "io(?/i 7^2,^/3), {m^m^vs) ^ A(x)3,o}. 

Then X3 = A(X)3^o is a manifold. Moreover, we have the obvious face and degeneracy 
maps between X^ and X2, 

dKm,m,V2,m) = m, « = o, ... ,3 

■4{v) = {v,V,so odi{r]),so od2{rj)), 
Sii^l) = {so o do{r]),r], 7], si o d2{r])), 
4iv) = {si odo{r]),si odi{r]),r],r]). 

The coherency jS]) insures that sf{r]) £ X^. It is also not hard to see that these maps 
together with df^^s and sf^^s satisfy ([T|) for n < 3. 

Then the nerve can be easily described as the simplicial manifold 

X = cosk2{sk2{X^ ^ X2^ Xi^ X^)). 
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More concretely, X„ is made up by those n-simplices whose 2-faces are elements of X2 and 
such that each set of four 2-faces gluing together as a 3-simplex is an element of X3 . That 
is 

Xn = {f ^ hom2(sA;2(A„),X2)|/ o (do x ad x x d^^sk^i^n)) C X3}, 

where hom2 denotes the homomorphisms restricted to the 0,1,2 level and X2 is understood 
as the tower ^2^X1^ Xq with all degeneracy and face maps. Then there are obvious 
face and degeneracy maps which naturally satisfy ([T]). 

However what is nontrivial and special in the differentiable category is that the asso- 
ciativity of mi's assures that Xn is a manifold. We prove this by an inductive argument. 
Let Sj[n] = sk2[h[n, j]). It is the contractible simplicial set whose sub-faces all contain the 
vertex j and whose only non-degenerate faces are of dimension 0, 1 and 2. Then similarly 
to Lemma [2m we show that hom2(5j[n], X2) is a manifold. Since Sj[n] is constructed by 
adding 0,1,2 dimensional faces, it is formed by the procedure 



S' 



S 



■A 



with n < 2. The dual pull-back diagram shows that \\om2{Sj[n],X2) is a manifold by 
induction 

hom2(5', X2) ^ hom2(5, X2) 



hom2(A[n, j],X2) ^ hom2(A[n], X2), 

since hom2(A[n], X2) — > hom2(A[n, j], X2) are surjective submersions by item (fTal) and (jlbp 
in the last Prop-Def. 

Next we use induction to show that Xn = hom2(5o[n], X2). Similarly we will have 
Xn = hom2(S'j[n], X2). It is clear that / G Xn restricts to /Ispfn] £ hom2(5'o[n], X2)- We 
only have to show that / € hom2(S'o[f^], ^2) extends uniquely to / G X„. It is certainly 
true for n = 0,1,2,3 just by definition. Suppose = hom2(5o[n — 1],X2). Then to 

get / € hom2(S'o[re], -^2) from /' G hom2(5'o[n — 1],X2), we add a new point n and n — 1 
new faces (0, i G {1,2, . . . , (n — 1)} and dye them xe^. Using 3-multiplication mo, 
we can determine face {i,j,n) by (0,i,n), (0,j, n) and (0, i, j) and dye these newly decided 
faces blue. Now we want to see that each four faces attached together are in X3, then / is 
extended to / G Xn- We consider various cases: 

1. if none of the four faces contains the vertex n, then by the induction condition, they 
are in X3. 

2. if one of the four faces contains n, then there are three faces containing n, we again 
have two sub-cases: 

(a) if those three faces contain only one blue face of the form n), i,j G {1, . . . , (n— 
1)}, then the four faces must contain three red faces and one blue face. According 
to our construction, these four faces are in X3; 

■^More precisely, they are the image of these under the map /. 
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(b) if those three faces contains more than one blue face, then they must con- 
tain exactly three blue faces. Then according to associativity (inside the 5-gon 
(0, i, j, fc, n)), these four faces are also in X^. 

Now we finish the induction, hence Xn is a manifold and it is determined by the first three 
layers. So we have hom(A[n, j], X) = hom2(s/c2(A[n, j]), X2) = Xn and, 

Proposition 2.5. The nerve X of a Lie 2-groupoid X2 ^ Xi ^ Xq as in Prop-Def. \2.3\ 
is a Lie 2-groupoid as in Def. I i.M 

Proposition 2.6. The first three layers of a Lie 2-groupoid as in Definition \1.2\ is a Lie 
2-groupoid as in Prop-Def. \2.3[ 

Proof. The proof is more complicated and similar to the case of 1-groupoids in the intro- 
duction. Here we point out that the 3-multiplications mj are given by Kan{3,j) and the 
associativity is given by Kanl{3,0) and Kan(A,0). □ 

3 SLie groupoids 

First we give the precise definition of SLie groupoids and W-groupoids. This generalizes 
and completes the notion of Weinstein (W-) groupoids in |TZ06a| . For example, we add 
some new axioms on the level of 2-morphisms, and on the other hand, find that some other 
axioms could be replaced or simplified. Then we point out some direct implications from 
the definition. The notion of stacks has been extensively studied in algebraic geometry 
for the past few decades. However stacks can also be defined over other categories, such 
as the category of topological spaces and category of smooth manifolds (see for example 
|AGV72j |Pro96| [Visn2| [BX] [Met]). We refer the readers to the latter two references for 
the concepts we use here, such as (etale) differentiable stacks, their fibre products, immersion 
maps between them. But for surjective submersion, we adopt the definition in |TZ06aj which 
is a bit different, f : X ^ y is a submersion if Xx^y—s-y is a submersion where X 
and y are charts of X and y respectively. / is further a surjective submersion if it is an 
epimorphism of differentiable stacks. 

Definition 3.1 (SLie (respectively W-) groupoid). A stacky Lie or SLie (respectively We- 
instein or W-) groupoid over a manifold M consists of the following data: 

1. a differentiable (respectively an etale differentiable) stack Q; 

2. (source and target) maps s, t: Q M which are surjective submersions between 
differentiable stacks; 

3. (multiplication) a map m: the fibre product Q Xs,M,i G —>■ G, satisfying the following 
properties: 

(a) t o m = t opri, s o m = s o pr2, where pri : Q 'Xs,M,l G ^ Q i& the i-th. projection 
G Xs,M,i G ^G; 

(b) associativity up to a 2-morphism, i.e. there is a 2-morphism a between maps 
mo {m X id) and m o {id x m); 
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(c) the 2-morphism a satisfies a higher coherence described as following: let the 
2-morphisms on the each face of the cubes be aJl arranged in the following way: 
front face (the one with the most ^'s) ai, back as; up 04, down 02; left ae, right 

as, 



gxgxQxg 

M M M 



idxmxid 




gxgxg 

*^ mxid 



^gxg 

M 

We require 

(ag X id) o (id X 02) o (oi x id) = (id x 05) o (04 x id) o (id x 03). 

4. (identity section) a morphism (respectively an immersion) e: M ^ g such that 
(a) the following identities 

m o ((e o t) X id) = id, mo (id x (e o s)) = id, 
holcl§ up to 2-morphisms bi and br- Or equivalently there are two 2-morphisms 

mo (id xe) ^ pri : g Xs,m M ^ g, mo (e x id) ^ pr2 : M Xj^^g ^ g, 



ge(y) g 



e(x)g g 



where y = s(g) and x = t(g). 
(b) We require the composed 2-morphism below, with y = s(g2). 



9192 



(9i92)e(y) gi(g2e(y)) gm 



to be the identitylll 



^All the fli's are generated by a, except that 04 is id. 

^In particular, by combining with the surjectivity of s and t, one has s o e = id, t o e = id on AI. In fact 
if a; = i{g), then e{x) ■ g — g and t o m = t opn imply that t(e(a;)) — i{g) = x. 

'^Forming this in the language of differentiable geometry, we notice that pri o (m x id) and m o (pn x pr2) 
are the same map from Q Xm Q Xm M to Q, but as the diagram indicates. 



Q XmG Xm M 



idx (mo(idxe')) 



GxmG- 



■ Q Xm M 

pri mo{idXe) 



(7) 
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(c) similarly with x = t{gi), 



9192 e{x){gig2) ^—^ {e{x)gi)g2 gm 

is the identity; 
(d) with y = s{g) and x = i{g), 

g e{x)g {e{x)g)e{y) ge{y) g, 

is the identity. 

5. (inverse) an isomorphism of differentiable stacks i: Q ^ Q such that, up to 2- 
morphisms, the following identities 

m o (i X id o A) = e o s, mo (id x i o A) = e o t, 

hold, where A is the diagonal map: Q Q Q . 

Remark 3.2. A W-groupoid is simply an etale SLie groupoid. This definition of W-groupoid 
is different from the one in |TZ06a| in two aspects: one is that here we add various higher 
coherences on 2-morphisms which make the definition more restricting but still allow the 
W-groupoids Q{A) and 'H{A), which are the integration objects of the Lie algebroid A 
constructed in |TZ06a| : for the other see Remark 13.61 On the other hand, we do not add 
higher coherences for the 2-morphisms involving the inverse map. This is because the inverse 
map can be removed from the definition. See Section El 

Moreover, we notice that the 2-morphisms e{x) ■ e{x)-^ — ^e(x) are the same because 

they are basically 2-morphisms between morphisms on a manifold M . With some patience, 
we can check that the list of coherences on 2-morphisms given here generates all the pos- 
sible coherences on these 2-morphisms. We also notice that the cube condition (fSc]) is the 
differential version of the pentagon condition 

[{{gh)k)l ^ {g{hk))l ^ g{{hk)l) ^ g{h{kl))] = [{{gh)k)l ^ {gh){kl) ^ g{h{kl))] . 
3.1 Good charts 

Given an SLie groupoid G =^ M, the identity map e : M ^ Q corresponds to an Hilsum- 
Skandalis (H.S.) morphism from M ^ M to Gi ^ Gq for some presentation of G. But 
it is not clear whether M embeds into Go- It is not even obvious whether there is a map 
M ^ Gq. In general, one could ask: if there is a map from a manifold M to a differentiable 

they are related also via a sequence of 2-morphisms: 

pri o (m X id) — > m o (id x e) o (m x id) mo (id x (m o (id x e))) — ~ — ^ ^ ^^^^ ^ ^^^-j ^-g-j 
We require the composed 2-morphisms be id, that is 

(id (id X br)) o a o (b^^ id) — id. 
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stack Q, when can one find a chart Go of Q such that M ^ Q hfts to M ^ Go, namely when 
is the H.S. morphism M =^ M to Gi Go a strict groupoid morphism? If the stack G is 
etale, can we find an etale chart Go? We answer these questions by the following lemmas. 
It turns out that the etale case is easier and when M ^ ^ is an immersion we can always 
achieve an etale chart. 

Lemma 3.3. For an immersion e : M ^ G from a manifold M to an etale stack G , there 
is an etale chart Gq ofG such that e lifts to an embedding e : M ^ Gq. We call such charts 
good charts and their corresponding groupoid presentations good presentations. 

Proof. Take an arbitrary etale chart Go of ^. The idea is to find an "open neighborhood" 
U oi M m. G with the property that M embeds in U and there is an etale representable 
map U ^ G ■ Since Go ^ ^ is an etale chart, in particular epimorphic. Go U [/ — > ^ is an 
etale representable epimorphismH, that is, a new etale chart of G- Then the lemma is proven 
since M ^ Go U [/ is an embedding. 

Now we look for such a U . Since e : M ^ is an immersion, the pull-back M xg Go 
Go is an immersion and M Xg Go — > M is an etale epimorphism. We cover M by small 
enough open charts T^'s so that Vi lifts to isomorphic open charts ¥( on M xg Gq. Then 
V/ — > Go is an immersion so locally it is an embedding. Therefore we can divide Vi into even 
smaller open charts Vi. such that Vi. = V-. Go is an embedding. Hence we might assume 
that the V^'s form an open covering of M such that e lifts to embeddings : ^ Gq. It 
appears with the language of the Hilsum-Skandalis (H.S.) bibundles as the diagram on the 
right, 



V'C 



Vi C 



M XgGo 




M 



M D Vi 



Vl CM XgGo 

Jl ^\ Jr 




Gi 



Go 



Here Cj = cxi o J^. Since the action of Gi on the H.S. bibundle is free and transitive, 
there exists a unique groupoid bisection gij such that Cj • gij = ej on the overlap Vi nVj 
(in fact Gi\uVi = ^~^{^ei{Vi)) D {Uei{Vi)) =^ Uei{V) is Morita equivalent to M, where 
t,s : Gi Go). Since Gi =^ Go is etale, bisection g^j extends uniquely to gij on an open 
set Uij C Gi. Moreover, there exist open sets Ui D ei{V) of Go such that 

eiiV n Vj) C t{Uij) =: Uij C Ui, CjiV n Vj) C s(C7y) =: Uji C Uj. 

Since Cj ■ g~j^ = e, these sets are well defined. 

V 




'Note that being etale implies being submersive. 
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Because of uniqueness and gij ■ gjk = gik, we have gij ■ gjk = gik on the open subsets 
^ijk ■= {{gij,9jk,gik) ■ when gij ■ gjk exists and in Uik-}- Then 

ei{Vi n Vj n Vk) C Uijk ■■= t{Im{Uijk Uij)) C Uij n Uik C Ui, 

and similarly for j and k. Therefore with these U's we are in the situation of a germ of 
manifolds of M defined as below. 

A germ of manifolds at a point m is a series of manifolds Ui's containing m such that Ui 
agrees with Uj in a smaller open set (m &)Uij G Ui hy x ^ fijix). A compatible riemannian 
metric of a germ of manifolds consists of a riemannian metric 5* on each Ui such that two 
such riemannian metrics g^ and g^ on Ui and Uj agree with each other in the sense that 
g^{x) = g^{fij{x)) in a smaller open set (possibly a subset of Uij). With this one can define 
the exponential map exp at m using the usual exponential map of a riemannian manifold 
provided the germ is finite, namely there are finite many manifolds in the germ (which is 
true in our case, since Vi intersects finite other Vj's). Then exp gives a Hausdorff manifold 
containing m. 

If a series of locally finite manifolds Ui's and morphisms fij's form a germ of manifolds 
for every point of a manifold M, we call it a germ of manifolds of M. Here local finiteness 
means that any open set in M is contained in finitely many C/j's and M has the topology 
induced by the Ui's, that is M DUi is open in M. We can always endow each of them 
with a compatible riemannian metric, beginning with any riemannian metric on U and 
modifying it to the sum (/''(.x) := J2k xeU.,k d^if'iki^)) (with fii{x) = x) at each point x G Ui. 
In this situation, one can take a tubular neighborhood U of M by the exp map of the germ. 
Then C/ is a Hausdorff manifold. 

Applying the above construction to our situation, we have a Hausdorff manifold U D 
M with the same dimension as Gq. U is basically glued by small enough open subsets 
Ui = U n Ui containing V^'s along Uij := U H Uij so that the gluing result U is still a 
Hausdorff manifold. Therefore U is presented by UUij => UC/j which maps to Gi => Gq via 
Uij = Uij ^ Gi. So there is a map it : U ^ Q. Since Ui — ^ Go are etale maps, by the 
technical lemma below, tt is a representable etale map. □ 

Lemma 3.4. Given a manifold X and an (etale) differentiable stack y, a map f : X ^ y 
is an (etale) representable submersion if and only if there exists an (etale) chart Yq of y 
such that the induced local maps — > Yq are (etale) submersions, where {Xi^ is an open 
covering of X . 

Proof. For any V ^ y, XiXyV = Xi Xy^, Yq Xy V is representable and Xi XyV ^ V 
is an (etale) submersion since Xi — Yq and Yq ^ y are representable (etale) submersions. 
Since Xi glue together to X , Xi XyV with the inherited gluing maps glue to a manifold 
X XyV . Since being an (etale) submersion is a local property, X XyV ^ V is (etale) 
submersion. 
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□ 



Remark 3.5. If e is the identity map of W-groupoid Q ^ M, then an open neighborhood of 
M inU has an induced local groupoid structure from the stacky groupoid structure [TZ06al 
Section 5]. 

Remark 3.6. The following assump tion in the original definition of W-groupoids becomes 
obviously unnecessary after Lemma l3.3t 

"Moreover, restricting to the identity section, the above 2-morphisms between maps are the id 2-morphisms. Namely, 
for example, the 2-morphism a induces the id 2-morphism between the following two maps: 

m o ({m o (e X e o 5)) xeo5) = mo[ex (m o (e X e o S)) o S), 
where 5 is the diagonal map: M -+ Af x A/." 

This is unnecessary because (M =^ M) embeds into {Gi =^ Go) on both levels of the 
groupoid via e and the restricted maps become maps between manifolds and therefore there 
are no nontrivial 2-morphisms between them. 

We further prove the same lemma in the non-etale case. 

Lemma 3.7. For a morphism e : M ^ Q from a manifold M to a dijferentiable stack Q, 
there is a chart Gq of Q such that e lifts to an embedding e : M —* Gq. We call also such 
groupoid presentations good presentations. 

Proof. We follow the proof of the etale case, but replace "etale" with "submersion". We need 
a U with a representable submersion to Q and an embedding of M into U . There are two 
differences: first, Vi embeds in Vl instead of being isomorphic to it, and we do not have an 
embedding ¥( ^ Gq; second, since Gi =^ Gq is not etale, the bisection gij does not extend 
uniquely to some (jij and we can not have the cocycle condition immediately. 

The first difference is easy to compensate: given any morphism f : Ni ^ N2, we can 

idxf pr2 

always view it as a composition of an embedding and a submersion as A^i ^ N1XN2 ^ N2. 
In our case, we have the following decomposition M xg Gq ^ Hq ^ Gq, then we use the 
pull-back groupoid Hi := Gi XcaxGo Hq x Hq over Hq to replace G. Thus we obtain an 
embedding of V/ — > Hq and thus an embedding Vi — > Hq. Then since Hi =^ Hq is Morita 
equivalent to Gi =^ Go, we just have to replace G by or call H our new G. It was not 
possible to do so in the etale case since Hq might not be an etale chart of Q. 

For the second difference, first of all we could assume M to be connected to construct 
such U . Otherwise we take the disjoint union of C/'s of each connected component of M . 

Then take any Vi and consider all the charts V^ 's intersecting Vi. We choose gij extending 
Qij on an open set Uij. As before we define the open sets C/j, C/j's, and Uij. Then for Vj 
and Vji both intersecting Fj, we choose gjji to be the one extending (see below) g~^giji with 
^idij^dij') ™ the triple intersection g~j} ■ {gij ■ Uj) R Uji where multiplication applies when it 
can. Since 5's are local bisections, g- is an isomorphism. Identifying via these isomorphisms, 
we view and denote the above intersection as Uj'ij for simplicity. 

Now we clarify in which sense and why the extension always exists. Let us assume 
dimM = m, dimGj = n^. Here we identify Vj with its embedded image in Go. Then since 
we are dealing with local charts, we might assume that both t and s of Gi ^ Go are just 
projections from to M"". A section of s is a vector valued function M"° M"i/M"-o, and 
it being a bisection, namely also a section oft, is an open condition. We can always perturb 
a section to get a bisection. If we can extend g^j^gij' and gjj' from Uj'ij U ej'{Vj D Vj') to a 
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bisection gjj/ such that {s{gjj')} is an open set in Uj', then we obtain a bisection gjji from 
Uj'j := 9~ji{{t{gjji)} n Uj) to Ujj' := {t{gjj')} n Uj. It is easy to see that Ujji = Ujij are 
open in Gq since {t{gjj')} = {s(^jj/)}. 

Therefore we are done as long as we can extend a smooth function / from the union of 
an open submanifold O with a closed submanifold V of an open set B C M"" to the whole 
B. Since V is closed, using its tubular neighborhood and partition of unity, we can first 
extend / from F to i? as /. Then /i = / — f\ovjV is on V . We shrink the open set O a 
little bit to Oi such that V r\ O d O2 CI Oi <Z O . Then we always have a smooth function 
p on B with p\q^ = 1 and p\b-Oi = 0. Then the extension function /i is defined by 



/i(^) 



fi{x)-p{x) xeO, 
otherwise. 



It is easy to see that /i is smooth and it agrees with fi on O2 and V because V — O2 = 
V — Oi C B — Oi and p\v-02 = 0- Hence f + fi extends f\o2UV- Now we extend the 
g^j^gij'^s to gjj'^s, then the 5's satisfy the cocycle condition on smaller open sets of the 
triple intersections Uj'ij by construction. 

Then we view Vi U (Uj.y.|-,y^.-^0V^) as one chart. Notice that a connected manifold is 
path connected. Also notice that we didn't use any topological property of Vi or U. This 
construction will eventually extend to the whole manifold M and obtain the desired gij^s. 
Therefore we are again in the situation of a germ of manifolds and we can apply the proof 
of Lemma [3?3] to get the result. □ 



4 From SLie-groupoids to Lie 2-groupoids 

Suppose ^ M is an SLie groupoid, in this section we construct a Lie 2-groupoid 
X2 ^ Xi ^ Xq corresponding to it. When ^ =^ M is a W-groupoid, the corresponding Lie 
2-groupoid is 2-etale, that is the maps X2 — > hom(A[2, j], X) are etale for j = 0, 1, 2. 

Theorem 4.1. An SLie (respectively W-) groupoid Q ^ M with a chosen good chart (re- 
spectively good etale chart) Gq of Q corresponds to a Lie 2-groupoid (respectively 2-etale Lie 
2-groupoid) X2 ^ Xi ^ Xq. 



4.1 The construction of ^2^X1^ Xq 

Given an SLie groupoid Q ^ M, let Gi =^ Go be a good groupoid presentation of Q and 
Em a bimodule presenting the morphism m. Let Ji : Em —>■ Gq Xm Gq and Jr : Em — > Gq 
be the moment maps of the bimodule Em- Notice that for an SLie groupoid g ■ 1"="1 up to 
a 2-morphism, that is m\gxj^fM = id up to a 2-morphism. Translating this into groupoid 
language, J^^{Go Xm M) is the bimodule presenting m\gxj^jM- By the definition of SLie 
groupoids, there is an isomorphism br : J^^{Gq Xm M) Gi. Similarly, there is an 
isomorphism bi : J^^{M Xm Gq) — > Gi. 

We construct 

Xq = M, Xi = Gq, X2 = Em 
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with the structure maps 



sl = e:Xo 



Xo, dl = pr2 o Ji, d\ = Jr, dl = Pn o Ji : X2 ^ Xi 
Xi, sl = o ec, s\ = o ec ■■ Xi ^ X2 



(9) 



where pri is the i-th projection Go xa/ Go ^ Go, s, t present s, t: Q ^ M, and ec is the 
identity embedding Gq — > Gi. We still need the 3-multiplication maps 



Let us first construct mo- Notice that in the 2-associative diagram, we have a 2-morphism 
a : mo {m X id) — > m o (id x m) . Translating this into the language of groupoid, we have 
the following isomorphism of bimodules: 



a : {{Em XGo Gi) XGoXmGo Em)/{Gi Xa/Gi) ((Gi XGp Em) XGoXmGo Em)/{Gi XmGi). 

(10) 



Suppose (r?i,r/2,??3) G MX)3fi. Then (r/3,l,r/i) represents a class in {Em xgq Gi) xgqXmGo 
Em/ ~ (we write ~ when it is clear which groupoid action is meant). Moreover, its image 
under a can be represented by (l,r7o,r?2), that is, 



As before we imagine the j-dimensional faces of the picture are elements of Xj. Then we 
arrive naturally at rjQ. To show that the above definition is good, we have to show: 1) the 
image under a can be represented by some element of the form (l,ryo,?72); 2) the choice of 
7]Q is unique; 3) this map is smooth. 

Suppose a{[r]3, l,7]i]) = [(1, f/o, '?/2)]- Notice that the Gi xm Gi action on Gi on both 
sides of (fTOl) are the right multiplication by one of the copies of Gi , therefore we can always 
suppose the element in Gi is 1. 

Notice that similarly to the proof of Lemma lSTTl the map mxpri : Qx^j^jiQ — s- Q Xij^jiQ 
is an isomorphism. Therefore Em XprioJi,Go,tcGi is a Morita bibundle from the Lie groupoid 
Gi XsosG,M,tosG Gi ^ Go Xg Af^t Go to Gi XtosG,Af,tosG Gi ^ Go Xt,M,t Go, where sq, tc 
are the source and target maps on G and s, t are the maps Go — > M presenting s, t. Here 
the two moment maps are J; (for Em) and Jr x sq. Therefore the left groupoid action of 
Gi XsosG,A/,tosG Gi is principal on the bibundle Em XprioJi,Go,tG Gi- Notice that {rj2, 1) and 
(f/2, 1) are on the same fibre of Jr x sq over Go Xt,A/,t Gq because the way we arrange the 
map makes them share the same edges 1^0 and 3^0. So there is a unique groupoid 
element (71,72) such that {fj2, 1) • (71,72) = (^2, 1)- This also forces 72 to be 1. Therefore, 
we have 



By uniqueness of 71, the choice of r]Q is unique. Moreover, since smoothness is a local 
property and the map a is an isomorphism and the groupoid action is principal, our map is 
naturally smooth. 

For other m's, we can precede in a similar fashion. More precisely, for mi one can 
make the same definition for mo but using a~^. It is even easier to define m2 and m^. For 



mi : A(X)3,i ^ X2 i = 0, . . . , 3. 








fe,l,%) • (71,1) = {V2,l,Vo)- 
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example, for m2, on the right hand side of ([TO]) , since the Gi Xm Gi action on Gi x m 
is principal, the analogous statement to 1) naturally holds. Thus we realize that given any 
three ry's, we can always put them in the same spots as we did for niQ. Then any three of 
them determine the fourth. Hence the m's are compatible with each other. 

4.2 Proof that what we construct is a Lie 2-groupoid 

By Prop-Def. 12.31 to show the above construction gives us a Lie 2-groupoid, we just 
have to show that the m's satisfy the coherence conditions and associativity, and 1-Kan 
2-Kan conditions. Condition 1-Kan is implied by the fact that s, t : Go =^ M are surjective 
submersions; Kan(2, 1) is implied by the fact that the moment map Ji : Em Go Xs,Af,t,G'o 
is a surjective submersion; Kan{2, 0) is implied by the surjective submersion 

Ji '■ Em — {Gi xm Ei xgqxa/Go Em)/Gi xm Gi Gq Xt,A/,t Go = A[2,0](X), 

where Ei = Gi (Lemma l8.3|) is the bimodule presenting the inverse map of Q, the composed 
bibundle is the one presenting the map {g, h) ^ {g, h~^) i— > gh~^; Kan{2, 2) follows similarly 
as Kan{2, 0). 

The coherence conditions 

The first identity in ([5]) corresponds to an identity of 2-morphisms, 

(l • {gi ■ 92) ~ (1 • 51) • 52 ~ 51 • 92) = (1 • {91 ■ 92) ~ 91 ■ 92), 

Restrict the two bimodules in (fTOl) to M x jv/ Go xm Gq, then we get Em on the left hand 
side because J^^{M xm Gq) = Gi and ((Gi xm Gi) xgqXmGo Em)/Gi xm Gi = Em- 
More precisely, the elements in {Em Xgq Gi) xgqXmGo Em\MxMGoXMGo/ ~ have the form 
[{sq o d2{rj), 1,??)], and the isomorphism to Em is given by [{sq o d2{rj), r]. Similarly 

for the right hand side, i.e. [{sq o di{r]),l,r])] 1-^ r/ gives the other isomorphism. By [4cl in 
Def. 13.11 the composition of the first and the inverse of the second map is a (restricted on 
the restricted bimodules), so we have 

a{[{sood2{v),l,v)]) = ([(l>»?>'So o(ii(?7))]), 
which implies the first identity in ([5]). The rest follows similarly. 

Associativity 

For the associativity we will have to use the cube condition [3c] for a in Def. 13.11 (called 
also "pentagon condition" in the literature). Let rjijk denote the faces in X2 fitting in diagram 
([6l). Suppose we are given the faces rj^i^s £ X2 and the faces i]q-jS G X2. Then we have 
two ways to determine the face T7123 using m's as described in Prop-Def. 12.31 We will show 
below that these two constructions give the same element in X2. 

Translate the cube condition into the language of Lie groupoids. The morphisms become 
bimodules and the 2-morphisms become the morphisms between bimodules. The cube 
condition tells us that the following two compositions of morphisms are the same (here for 
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simplicity, we omit writing the base space of the fibre products and the groupoids by which 
we take quotients): 



{Em X Gi X Gi) X {Em X Gi) X Em/ 



idxa 



{Em X Gi X Gi) X (Gi X Em) X Em/ 



< 
< 



id 



idxa 



and 



> {{9192)93)94 

> (5152) (5354) 
(Gi X Gi X Em) X {Em X Gi) X Em/ ~ < — > {9i92){gzgA) 
{Gi X Gi X Em) X {Gi X Em) X Em/ ^ < — > 51(52(5354)) 

{Em X Gi X Gi) X {Em X Gi) X E^/ 



axid 



idxa 



axid 



< > ((5152)53)54 

(Gi X X Gi) X {Em X Gi) X Em/ ~ < — > (5l(5253))54 

> 51 ((5253)54) 

> 51(52(5354)) 



(Gi X X Gi) X (Gi X £;„) X 



(Gi X Gi X Em) X (Gi X Em) X 



< 

< 



Tracing through where the element (r/034, (??023! 1), ('?oi2 5 1)) goes via the first and second 
composition, it should end up in the same element. So we have 



idxa 



idxa 



[((»?012,1,1)),(»7023,1),'7034] 
[((7/012,1, !),(!, '7234), ??024)] 

4((1, 1,^234), (%12, 1),%24)] 
[((1,1,??234),(1,??124),%14)] 




where 77234 = rno{riou, '7024, »7o23) and 7/124 = mo(%24, Vou, Vou); 

[((%12,1,1),(??023,1),%34)] 



idxa 



[((1,»?123,1),(?7013,1),??034)] 
[((1,??123,1),(1,'7134),?7014)] 
"'^'^[((1, 1, ^7234), (1, ?7124), ?7014)] 

where r/123 = "T'o(r?o23, %13, ^12) and 7/134 = 7770(7/034, %14, f/ois)- Therefore, the last map 
tells us that 

??123 = ?'^3(??234,??134,f?124)- 

Therefore associativity holds! 

Comments on the etale condition 

It is easy to see that if Gi ^ Go is etale, by principality of the right G action on E,n, the 
map Em — >■ Go Xm Gq is etale. Moreover since Em — > A{X)2j = A[2,j]{X) is a surjective 
submersion by Kan{2,j), by dimension counting, it is furthermore an etale map. 
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5 From Lie 2-groupoids to stacky Lie groupoids 

If X is a Lie 2-groupoid, then Gi := ^2 ^(so(-''^o)) C X2, which is the set of bigons, is 
a Lie groupoid over Go := ^1 (Lemma I5.2p . Here we might notice that there is another 
natural choice for the space of bigons, namely Gi := d^'^{so{Xo)). But Gi ^ Gi by the 
following observation: given an element r/3 G Gi , it fits as the face opposite to 3 in diagram 
(fTT]l with 1^0 and 2 — > 3 degenerate and 7?2, Vi degenerate; then niQ gives a morphism 
(/9 : Gi — > Gi and ms gives the inverse. Therefore we might consider only Gi. Then 
Gi ^ Go presents a stack which has an additional groupoid structure. Hence we have the 
statement from 2-groupoids to stacky Lie groupoids: 

Theorem 5.1. A Lie 2-groupoid (respectively 2-etale Lie 2-groupoid) X corresponds to an 
SLie (respectively W-) groupoid Q =^ Xq where Q is presented by the Lie groupoid Gi =^ Gq. 

We prove this theorem by several lemmas. 

5.1 The stack Q 

Lemma 5.2. Gi ^ Gq is a Lie groupoid. 

Proof. The target and source maps are given by d\ and d\. The identity Gq — > Gi is given by 
.s\ : Xi —y X2. The image of Sg is in Gi(c X2). Their compatibility conditions are implied 
by the compatibility conditions of the structure maps of simplicial manifolds. This will in 
particular imply that the identity is an embedding and s and t are surjective submersions 
after we establish the multiplication. The multiplication is given by the 3-multiplication of 
X by the following picture: 



where 773 and its edges 1 ^ 0, 2 ^ and 2^1 are degenerate (one should imagine them 
being very short). Let r]i be the face facing i. Then any (?70)^2) G Gi Xs,Go,t Gi fits in 
the above picture. We define r]Q ■ r]2 = mi{rjQ,r]2,r]3) with r/3 is the degenerate face in sq o 
So{Xq) corresponding to the point 0(=1=2). Then the associativity of the 3-multiplications 
ensures the associativity of The inverse map is also given by 3-multiplications: r]^^ = 
mo(rii,r]2,r]3) with rji the degenerate face in Sq{Xi). □ 

Remark 5.3. Similar construction shows that Gi =^ Go with t = s = is a Lie groupoid 
isomorphic to Gi =^ Go via the map ip~^- 

5.2 Proof that ^ ^ M is an SLie groupoid 

Source target maps and multiplication 

There are three maps df : X2 ^ Xi = Gq and they (as the moment maps of the action) 
all correspond to a groupoid action respectively. The actions are similarly given by the 




(11) 



2 
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3-multiplications as the multipHcation of Gi. The axioms of the actions are given by the 
associativity. For example, for df, any {r]o,r]2) G X2 Xfp Xj^^tc ^1 inside picture (fTTI) . 
but one imagines that only 1 —s- is a short (??3 degenerate) edge. Then 

m-m-=mi{r]Q,r]2,sod2{m))- (12) 

s d} 

Moreover, notice that the four ways to compose source target and face maps Gi =^ Go =5- Xq 

only give two different maps: dg^c and d\tG. They are surjective submersions since dj's 
and sg to are so and they give the source and target maps s,t : Q ^ Xq where Q is the 
differentiable stack presented by Gi =^ Gq. Therefore s and t are also surjective submersions 
(Lemma 4.2 in [TZ06a| ). We use these two maps to form the product groupoid 

Gi >^dlsG,Xo,d\tG '^1 ^ '^0 ^dl,Xo,d\ ^0 (13) 

which presents the stack Q y-s,Xo,t S- Then we have the following lemma: 

Lemma 5.4. {X2,d\ x d'^,d\) is an H.S. himodule from the groupoid in (fT3]l to Gi =^ Gq. 

Proof. By Kan{2, 1), djx dj is a surjective submersion from X2 to Gq Xd\Xo,d^ ^0, so we 
only have to show that the right action of Gi =^ Go on X2 is free and transitive. This is 
implied by Kan{3,j) and Kan{3,j)\ respectively. 

transitivity: any (ryi,r/o) such that do(^i) = '^o('?o) ^^*1 ^2(^0) = '^2('?i) ^ts inside (fTTIl with 
r]3 a degenerate face (only 1 — > the short edge). Then there exists r]2 := 'm.2(%5 "^i, %) G 
Gi, making m ■ V2 = Vi- 

freeness: if (r?o,f/2) G -^^2 Xrfi.Xi.t Gi satisfies 770 • ??2 (="t-i(%, ??2, %)) = Then 772 = 
"^2('?o, %) and 7/3 is degenerate. Thus ?7i2(??0 5 %) = ■5o(3 — > 1) is a degenerate face. 
Therefore 172 = 1. □ 

Therefore X2 gives a morphism m : Q x x^ G ^ Q ■ 
Lemma 5.5. VFi^/i the source and target maps constructed above, m is a multiplication of 

g^xo. 

Proof. By construction, it is clear that t o m = t o pri and s o m = s o pr2, where pri : 
G ^s,Xo,t G ^ G are the projections (see the left picture below). 

0=tm=tpri 



sm=spr2 

1 lie-- 

1'<1 

To show the associativity, we reverse the argument in Section 14.11 There, we used the 2- 
morphism a to construct the 3-multiplications. Now we use the 3-multiplications and their 
associativity to construct a. Given the two H.S. bibundles presenting m o {m x id) and 
m o (id X m) respectively, we want to construct a map a as in ([TO]) , where Em = X2 and 
M = Xq. Given any element in {X2 Xgq Gi) XgqxxqGo X2/G1 Xxq Gi, as in Section [411 
we can write it in the form of [(773,1,7/1)], with (771,772,773) € hom(A[3, 0], X) for some 772. 
Then we define 

«([(%> l,m)]) := [{'i^,mo{r]i,ri2,m),V2)]- 
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As before, we need to show that:l) the R.H.S. is indeed in {Gi X2) xgqxxqGo ^2/ ~; 
2) the definition of a does not depend on the choice of ryi, r/3 and 7^2; 3) a is smooth. 
The argument is the same. Here we only show 2) which is less obvious. First of all, if 
we choose a different 772, since (7?i,'?/2,%) and (?7i, 7?2, are both in hom(A[3, 0], X), we 
have dlim) = dUm) and dl{ri2) = d\{fi2). So 772 = r?oi3 and f/2 = r/oi'3 form a degenerate 
horn (see the second picture of (fT4l) ). By /Can(3, 0) there exists 7 = 7i'i3 G Gi such that 
(1, 7) •?72(= 7' j?2) = ??2, that is ryois = ?tii(7, %i'3) "5i(0 — > 1)). Then by associativity and the 
definition of the Gi action (fT2]) . we have w.o(t/o23) %i'3) %i'2) = '?i'23 = ^123 ■ 7- Therefore 
we have [(1, t/i'23! ??2)] = [(1) ^123, ??2)]- So the choice of rj2 will not affect the definition of 
a. If we choose a different (773 = ?/o'i25 = %'23)) then we can suppose 773 = ?737oo'2 and 
Vi = (7oo'2) 1) -f/i = 7-'7i (see the third picture of ([HI). Then (r/i,?72)%) S hom(A[3, 0], X) 
and 

"lo(??l,%,%) = f?123 = "lo(??l,%,%)- 

So this choice will not affect a neither. 

Now the higher coherence of a follows from the associativity by the same argument as 
in Section [42 □ 

Identity 

Now we notice that sq : ^0 ^ Gq and eg o so : -'^0 ^ Gi with ec the identity of G form 
a groupoid morphism from Xq =^ Xq to Gi =^ Go- It gives a morphism e : Xq ^ ^ on the 
level of stacks. 

Lemma 5.6. e is the identity of Q . 

Proof. Recall from Definition l3.1l that we need to show that there is a 2-morphism bi between 
the two maps mo {ex id) and pr2: Xq XX(,,tQ G, and similarly a 2-morphism br. In our 
case, the H.S. bibundles presenting these two maps are Ar2|xoxxoGo Gi respectively and 
they are the same by construction, hence bi = id. For br, we notice that X2|goXxo^o = Gi 
and the isomorphism ip~^ : Gi —>■ Gi is br. 

Now we need to show the higher coherences that 6's satisfy. The proofs are similar and 
here we prove [4b| in Definition 13.11 in detail. Translating the diagram ([7|) in the language of 
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^roupoids and bibundles, we obtain 

Gi Xxo Gi 



X2 XXo X, 



Go 'X-Xa Go XXo Xo 




Gi xx„ G 



Gi xxq Gi 

Corresponding to JH]), we need to show that the following diagram commute: 

{X2 X Xo) X Gi/ - a (Gi X Gi) X X2/ - (Gi x Gi) x X2/ 

Xo Go X Xo ^ Xo Go X Go ^ Xo Go x Go 

{X2 X Xo) X Gi/ 

^0 Go X Xo 

^0 




[(%, 1, r/i)] I [(1, rjo = 1, V2)] I [(1, v'o = 1, %)] 




[(?/012,l,%'02)] 



■ ??012 • Vo'02 



0'<0 




(15) 



Let us explain the diagram: A [(r/3, 1, r/i)] G {X2 Xxq -'^o) XGoXx^Xq Gi/ ~ fits inside (fT5]) 
with 3 — > 2 a degenerate edge and r/o = ?7i23 a degenerate facqj, therefore its image under 
a is [(l,f?o = 1)'^2)]- By the construction of hr, rj^ = br{rio) = 1 is also degenerate. Then 
[(1, tj'q = 1, 772)] maps to r]2 under "=". Now we follow the other direction of the maps. Then 
^r(%23) = W02- The image of [(r/012, 1,%'02)] under "=" is r/012 ■ %02 = "^i(%02'%'0i = 
li''?oi2) = ??0'i2- Notice that most of the "flat" faces are degenerate except for r/o'02 and r/023- 
Therefore consider the 3-simplices (0', 0, 1, 3) and (0', 1, 2, 3), then we have 77013 = 7?o'i3 and 
Wis = %'12 by ([5]). Since 77013 is t/2, the desired diagram commutes. □ 



^Now when it is confusing, we call a face by its three vertices, for example now 771 = ?7o23. 
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Inverse 



By Prop. 18.41 we only have to show that the actions of G and G°'p on X2 ^dl,Go 
induced respectively by the first and second components of the left action of Gi Xjvf Gi 
Go X M Go, are principal (see ([2T]) ). We prove this for the first copy of Gi and the proof 
for the second is similar. A (??3,?7i) G Gi Xsc,Go,do ^dl,Go ^ inside ([TT]) with rj2 a 
degenerate face corresponding to the point = 1 = 3. Then the freeness of the action is 
implied by Kan\{3,0) and the transitivity of the action is implied by Kan{3,0). 

Comments on the etale condition 

If X2 A[2,j]{X) are etale maps, then the moment map Ji : Em = X2 ^ Gq Xs,M,t Go 
is etale. By principality of the right action of Gi Gq, it is an etale groupoid. This 
concludes the proof of the Theorem I5.11 

6 Equivalences of Lie 2-groupoids 

As in Theorem 14.11 from an SLie groupoid to a Lie 2-groupoid, one has to choose a chart 
of the stack G. Therefore to construct a 1-1 correspondence between SLie groupoids and 
Lie 2-groupoids, we have to quotient by some sort of equivalence of 2-groupoids since one 
could have different 2-groupoids X and Y corresponding to different charts Go and Hq of 
the same stack Q. In this section, we establish various equivalences of Lie 2-groupoids. 

We first look at the more general case of Lie homotopy types and motivate our later 
definitions. The proof of this direction itself is carried out in a later work [HZ]. 

6.1 Strict maps of Lie homotopy types 

The reader's first guess is probably that a morphism f : X ^ Y of Lie homotopy 
types ought to be a simplicial smooth map i.e. a collection of smooth maps fn '■ Xji > Yfi 
that commute with faces and degeneracies. In the language of categories, this is just a 
natural transformation from the functor X to the functor Y. We shall call such a natural 
transformation a strict map from X to Y. Unfortunately, it is known that, already in the 
case of usual Lie groupoids, such strict notions are not good enough. Indeed there are 
strict maps that are not invertible even though they ought to be isomorphisms. That's 
why people introduced the notion of Hilsum-Skandalis maps [Mrcj . Here is an example of 
such a map: consider a manifold M with an open cover {Ua}- The simplicial manifold X 
with Xn = IJq, Uai n • • • riUan maps naturally to the constant simplicial manifold M. 
All the fibers of that map are simplices, in particular they are contractible simplicial sets. 
Nevertheless, that map has no inverse. 

The second guess is then to define a special class of strict maps which we shall call 
equivalences. A map from X to Y would then be a zig-zag of strict maps X <— Z ^ Y , 
where the map Z ^ X is one of these equivalences. 

This will not be our final choice for what a morphism of Lie homotopy types should be. 
The notion of equivalence is nevertheless very useful (e.g. to define sheaf cohomology of 
Lie homotopy types) and we will study it in this section. It is very much inspired from the 
notion of equivalence of simplicial sets (sometimes called weak equivalence). Recall ( |GJ99| ) 
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that a map S ^ T of simplicial sets is an equivalence if it induces isomorphisms of all the 
topological homotopy groups. Here is an equivalent condition which we will generalize to 
Lie homotopy types: 

Lemma 6.1. A map S ^ T of Kan simplicial sets is an equivalence if, for any m > and 
any commutative solid arrow diagram 

5A" (16) 

A"' 

there exists a dotted arrow that makes both triangles commute. Here 9A" stands for the 
boundary of the n-simplex. 

Proof. Let a € 7r„_i(S') be represented by some map 9A" —i- S and assume a i-^ G 
7rn_i(T). This means that we have a map A" — > T that makes diagram (fT6]l commute. By 
hypothesis, we get a map A" S therefore a = G 7r„_i(S'). This proves the injectivity 
of 7r„-i(5') 7r„_i(r). 

Now let us consider an element (3 £ vr„(T) represented by a map (A",3A") (T,*). 
That map fits into a diagram (fT6]) where the top arrow sends everything to the base point. 
By hypothesis we get a map (A^jSA") — > (S, *). It represents an element of vr„(S') that is 
mapped to /3. This proves the surjectivity of vr„(5) — > vr„(T). 

The Kan condition has been used implicitly to find representatives of the various homo- 
topy classes (otherwise we would have needed to subdivide the simplices). □ 

Translating the condition of lemma IHTT] into hom spaces gives: 

Definition 6.2. A strict map f : Z ^ X of Lie homotopy types is an equivalence if the nat- 
ural maps from Zn = hom(A",Z) to the pull-back hom(5A", Z) hom(9A",X) ^ 
hom(A[n],X)) are surjective submersions for all n > 0. 

The proof of this being an equivalence is in |HZj . But even before this, we will need to 
talk a lot about spaces of the form PB(^h.om.{A, Z) hom(yl,X) <— hom(i?,X)), where 
the maps are induced by some fixed maps A ^ B and Z ^ X . To avoid the cumbersome 
pull-back notation, we shall denote these spaces by 



'a^ 


z 


< i 


i 


? 

B 

V 


X 



This notation indicates that the space parameterizes all commuting diagrams of the form 

A — > Z 

i i 
B — > X, 

where we allow the horizontal arrows to vary but we fix the vertical ones. 

As in the case of definition 11.21 we need to justify why the pull-backs used in definition 
16.21 are manifolds. This is specially surprising since the spaces hom(9A",2') need not be 
manifolds (for example take n = 2 and Z the cross product groupoid associated to the 
action of on by rotation around the origin). 
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Lemma 6.3. Let S be a finite collapsible simplicial set and T ^ S a sub-simplicial set of 
dimension < k. Let f : Z —t X be a strict map of Lie homotopy types such that the natural 
map 

'SA" — ^ Z 
i ^ i 
^ A"" X ^ 

is a surjective submersion for all n < k (assuming the right hand sides are known to be 
manifolds). Then the space 



T 


z 


i 


i 


7 

[s 


X 



is naturally a manifold. 

Proof. Let T' be a sub-simplicial set obtained by deleting one simplex from T (without its 
boundary). We have a push-out diagram 



r 



Lt 



Similarly to the proof of lemma [2?T] this gives a pull-back diagram 



r 

i 
s 



i 
S 



z 

i 

X 



L 



T - 


Z 


i 


i 


- 


7 

X 

J 


A" - 


? 

z 


i 


i 


S - 


7 

X 



which may be combined with the pull-back diagram 
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'(9A" - 


V 

z 


< i 


i 


5 - 

V 


7 




7 




i 


[ A" - 


7 



to give yet another pull-back diagram 
< 



r 

i 
s 



L 





7 


< i 


i 


s - 


7 


fA" - 






i 


A" - 





T 


z 


i 


i 


S 


7 

— ^ X 



Zn 



(17) 



A" 






i 


I', 




A" 

V 







aA" — 
i 

7 

A" — 

By induction on the size of T, and by lemma [2?T] (case T = 0), we may assume that 
the upper left and lower left spaces in (flTl) are known to be manifolds. The bottom arrow 
is a submersion by hypothesis. Therefore by transversality, the upper right space is also a 
manifold, which is what we wanted to prove. □ 



6.2 Morita Equivalence of Lie 2-groupoids 

Now we define equivalences of Lie 2-groupoids based on Section 16.11 To simplify our 
notation, and <^ always denote surjective submersions. 

Definition 6.4. Given two Lie 2-groupoids Z2 ^ Zi ^ Zq and X2 ^ Xi ^ Xq, a strict 
morphism / between them is an equivalence if the natural map from Z^ to the pull-back 
PB{honi{dA^ , Z) hom(c?A",X) <— Xn) are surjective submersions for all n = 0, 1 and 
an isomorphism for n = 2. 

As in the case of Lie homotopy types, we find that PB(hom(c?A"', Z) hom(9A"', X) <— 
Xn) is a manifold. 

Similarly to the pull-back Lie groupoid, we make the following observation: Let X be 
a 2-groupoid and Zi =^ Zq be two manifolds with structure maps as in ([T]) up to the 
level n < 1, and fn '■ Zn ^ Xn preserving the structure maps d^'s and s^~^'s for n < 1. 
Then hom(aA",Z) still makes sense for n < 1. We further suppose fo Zq ^ Xq (hence 
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Zq X Zq xxqxXo -'^i is a manifold) and Zi ^ Zq x Zq xx^xXq Xi. That is to say that 
the induced map from Z„ to the pull-back PB(hom{dA^ , Z) hom(9A",X) ^ X„) are 
surjective submersions for n = 0, 1. Then we form 

Z2 = P5(hom((9A2, Z) hom(aA2, X) ^ X2). 

It is easy to see that the proof of Lemma 16.31 still guarantees that Z2 a manifold. Moreover 
there are df : Z2 ^ Z\ induced by the natural projections hom((?A^, Z) ^ Zi; sj : Z\ ^ Z2 

by 

s\{K) = {h,h,s^o{dlih)),slih{h))), s\ih) = {s^oid\ih)),h,h,s\ifiih))); 
rrii : A(Z)3^j Z2 by for example 

mo{{h2, /15, h3,f]i), {hi, /15, /lo, m), (/ii, /is, /^o, %)) = {^2, /^i, "io(m, f?2, ^3)), 
and similarly for other m's. 




Then Z2 ^ Z\ ^ Zq is a Lie 2-groupoid and we call it the pull-back 2-groupoid by /. 
Moreover / : Z ^ X is an equivalence with the natural projection /2 : — > X2. 
Definition 16.41 can be easily generalized to higher dimensions. 

Definition 6.5. A strict map f : Z X of Lie m-groupoids is an equivalence if the natural 
maps from Zn to the pull-back PB{hom{dA"', Z) —>■ hom(c?A",X) <— Xn) are surjective 
submersions for all < n < m — 1 and isomorphism for n = m. 

Remark 6.6. First of all, it is easy to see that when m = 1, we get the equivalence (or 
pull-back) of Lie groupoids. Moreover, since for a Lie m-groupoid layers higher or equal to 
m + 1 are determined by layers lower or equal to m, the maps from Zn to the pull-back 
Pi?(hom(5A", Z) hom((9A",X) ^ X^) are isomorphisms for all n> m. 

Similar to the proof that Pi?(hom(9A", Z) hom(9A"',X) ^ Xn) is a manifold, we 
have the following lemma: 

Lemma 6.7. The projection PB(hom{dA'^, Z) — > hom((9A"',X) ^ Xn) Xn is a surjec- 
tive submersion. 

Proof. We can use the same induction as in Lemma 16.31 and only have to notice that the 
upper lever map in (fTTll is a surjective submersion (then let T' = 0). □ 

Lemma 6.8. The composition of equivalences is still an equivalence. 
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Proof. Suppose that Z ^ Y X are two equivalences. Then we have 



Zn ^ hom((9A", Z) Xhom{aA",y) Yn ■ 



hom(aA", Z) Xhom(aA",x) Xn ^ hom((9A", Y) Xhom(aA",x) X„ 



Xn 



■hom(5A",X) 



hom(5A", Z) ^ hom(aA", Y) 

Therefore we have Z^ hom(9A", Z) Xhom(aA",x) when n < 1. When n = 2 one just 
has to replace -» by = in the above diagram and the result. □ 

Remark 6.9. It is not hard to see this result generalizes to n-groupoids. 

Lemma 6.10. If f : Z ^ X and f : Z —> X are equivalences, then there exist a Lie 
2-groupoid Z" = Z Xx Z' and two equivalences Z < — Z" — > Z' . 

Proof. First of all we prove that Z^' = ZnXXn ^'n manifold by Lemma [621) with product 
face and degeneracy maps is a Lie 2-groupoid. We use Prop-Def. I2.3[ Notice that the 
maps on both sides of Zq < — Zq xxq = PB{Zo Xq «^ Xi) — > Xi are surjective 
submersions by the property of pull-backs. Similarly we have a surjective submersion, 

Zo X Zo XXoxXo Xi = PB{{Zq XXo ^l) ^ Xi ^ (Zq XXo ^l)) ^ (Zo Xxo ^l), 

hence Zi ^ Zq x^o Xi by composing with Zi -» Zq x Zq xxqxXo Xi. Similarly we have 
this for Z'. For the 1-Kan conditions of Z", we should show that the degeneracy maps 
Zi xxi Z{ — > Zq = Zq Xxq Zq are surjective submersions. The degeneracy map x is 
a surjective submersion by chasing the arrows denoted with "!" in the following diagram, 



Zi Z[ 




\ 



Zq xxo Xi 

Zo Xxo Xi 1 ss- Xi 



Z' 



do 



Zn 



Xn 



where * denotes non-important pull-backs. The same diagram proves the result for d\ x d\ 
also. This argument in fact shows the following general result about surjective submersions 
of manifolds. 

Claim 6.11. If U U, and the map V ^ V factors through a surjective submersion 

V ^ V XfjU , and W W factors through W ^ UxqW, then the natural map VxuW ^ 

V XjjW is a surjective submersion. Here we suppose all the fibre products to be manifolds. 
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For the 2-Kan condition oi Z", we need to show that the maps Z2 hom(A[2, j], Z") are 
surjective submersions. Since hom(A[2, j], Z") = hom(A[2, j], Z)Xhom(A[2,j],Js:)hom(A[2, j], Z'), 
by Claim lHTTTl and X2 hom(A[2, j], X), we only have to show Z2 hom(A[2, j], -Z^) Xhom(A[2,j],x) 
X2 and the similar statement for Z'. Notice that 



Zo X Zo 
by assumption. Therefore 

hom(aA^Z) 



-^0 X Xo, Zi ^ Zo X Zo xxgxXo Xi, 



hom(A[2,j],Z) xzoxZo Zi 
hom(A[2, j], Z) xzoxZo Zo x Zq xxqxX,, Xi 
= hom(A[2, j], Z) xxaxXo Xi 
= hom(A[2,j], Z) Xhom(A[2,j],x) hom{dA'^,X), 
where in the last step we use again hom((?A^,X) = hom(A[2, j], X) xx^xXo Xi. Hence 
Z2 = hom(aA^ Z) Xhom(aA2,x) X2 

hom(A[2,i],Z) Xhom(A[2,i],x) hom(aA^X) Xhom(9A2,x) X2 

= hom(A[2, j], Z) Xhom(A[2,j],X) ^2- 

The 3-multiplications on are induced by those of X2, by the second row of the equation, 



(18) 



Z2 = hom((9A ,Z) Xhom{aA2,x) X2 x^a hom(aA , Z') Xhom(aA2,X) X2 
= hom((9A2, Z) Xhom{aA2,x) ^2 Xhom(9A2,x) hom(aA2, Z') 
= Z2 Xhom{aA2,x) hom(5A2, Z') 
= hom(aA2,Z") Xhom(aA2,z) Z2. 

In the last row, we use hom(9A^, Z") = hom((9A^, Z) x-^^^(^Q^2 x)^om{dA'^, Z'). Therefore, 
the 3-multiplications of Z2 satisfy all the axioms as they are essentially the 3-multiplications 
of X2. Now we have proven that Z" is a Lie 2-groupoid. Moreover, from the last row, we 
can also see that the projection Z2 —>■ Z2 preserves the 3-multiplications since both of theirs 
are induced by those of X2. An analogous result holds for Z' . Therefore to complete the 
proof, we only have to show 



Zi XX, Z[^ hom((9A\Z" 



-hom(9Ai,Z) ^1 



hom((9A\Z') Xhom(9Ai,x) Zi, 



since hom(9A^,Z") = hom(5A^,Z) XYiom{dA^,x) hom(9A^,Z'). But this can be easily 
deduced from the following pull-back diagram. 



Zi XX, Z[ 



Z[ 



Z\ Xhom(aAi,x) hom(5A\ Z') ^ hom(aA\ Z') Xhom{9Ai,x) ^1 



Zi 



and the fact that Z{ -» hom(c?A-'^, Z') x^^^^^j^^x x) X\. 



□ 
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Definition 6.12. Two Lie 2-groupoids X and Y are Morita equivalent if there is a Lie 
2-groupoid Z such that both of the maps X < — Z — > Y are equivalences. With the above 
two lemmas, this definition does give an equivalence relation. We call it Morita equivalence 
of Lie 2-groupoids. 

6.3 1-Morita Equivalence of Lie 2-groupoids 

However Morita equivalent Lie 2-groupoids correspond to Morita equivalent SLie groupoids 
|BZ| . Hence to obtain isomorphic SLie groupoids, we need a stricter notion of equivalence 
of Lie 2-groupoids. 

Proposition-Definition 6.13. A strict map of 2-groupoids f : Z ^ X is a 1-equivalence 
if it is an equivalence with /o an isomorphism. Two 2-groupoids X and Y are 1-Morita 
equivalent if there is a 2-groupoid Z such that both of the maps X < — Z — > Y are 
1- equivalences. It gives an equivalence relation between Lie 2-groupoids and we call it 

1- Morita equivalence. 

Proof. It is easy to see that the composition of 1-equivalences is still a 1-equivalence. We 
just have to notice that in Lemma 16.101 if both equivalences are 1-equivalences, then the 
projections Zq <^ Zq x Xq Z'q ^ Zq are isomorphisms since Zq xxq Z'q = Zq = Xq = Zq. □ 

Remark 6.14. For a 1-equivalence Z ^ X, since fo : Zq = Xq, we have hom(9A^,Z) = 
hom(5A^,X). So the condition on /i in Definition 16.41 becomes /i : Zi ^ Xi. 

7 One-to-one correspondence between Lie 2-groupoids and 
SLie groupoids 

In this section, we use two lemmas to prove the following theorem: 

Theorem 7.1. There is a 1-1 correspondence of Lie 2-groupoids (respectively 2-etale Lie 

2- groupoids) modulo 1-Morita equivalence and SLie groupoids (respectively W-groupoids). 

W-groupoids are isomorphic if and only if they are isomorphic as SLie groupoids, and 1- 
Morita equivalent 2-etale Lie 2-groupoids are 1-Morita equivalent Lie 2-groupoids. Therefore 
the etale version of the theorem is implied by the general case and we only have to prove 
the general case. 

For the lemma below, we fix our notation: X and Y are Lie 2-groupoids in the sense 
of Prop-Def. 12.31 Go = Xi and Hq = Yi; Xq = Yq = M. Gi and Hi are the spaces of 
bigons in X and Y respectively, that is d^^(so(lci)); Both Gi =^ Gq and Hi =^ Hq are Lie 
groupoids and they present differentiable stacks Q and TL respectively. Moreover Q ^ M 
and H ^ M are stacky groupoids. 

Lemma 7.2. If f -.Y ^ X is an equivalence, then 

1. the groupoid Hi Hq constructed from Y satisfies Hi = Gi xgqxmGo Hq x Hq with 
the pull-hack groupoid structure (therefore Q = TL); 

2. the above map Q = Ti. induces an SLie groupoid isomorphism, that is 
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(a) there are a 2-morphism a : mg — > m-]^: G Xm G{— Ti. Xm Ti.) G{— Tl) and a 
2-morphism b : eg ^ en '■ M ^ Q = H; 

(b) between maps Q x^Q x mQ — Q , there is a commutative diagram of 2-morphisms, 



mg o (mg X id) — mg o [id x mg) 



mn o {iTi-j-i X id) — ^ m-j-i. o {id x m-^) 

where by abuse of notation a denotes the 2-morphisms generated by a such as 
a (a X id); 

(c) between maps M xm G ^ Q and maps Q xm M ^ Q there are commutative 
diagrams of 2-morphisms, 

bf _ b° 

mg o [eg X id) ^ pf'2 mg o [id x eg) — ^ pri 

aQb 

mji o [id X e-n) 



a&b 

m-j-i o [EcH X id) 




Proof Since Y2 ^ hom[dA^,Y) x 



X2, we have 



Hi = d2^[so[Yo)) = d2^[so[Xo)) x^jxdo.XiXAfXi Yi xm Yi 
= Gi XtgxsG.GoXMGo Ho Xm Ho 

= Gi XtgxsG.GoxGo Ho X Hq, 

where t^sc denote the target and source map of Gi =^ Go, and the last step follows 
from the fact that (t^ x sg)[Gi) d Go x m Go and / preserves simplicial structures. The 
multiplication on Hi (respectively Gi) is given by 3-multiplications on I2 (respectively X2). 
Therefore H has the pull-back groupoid structure since Y is the pull-back oi X. So item 
([1]) is proven. 

To prove [2al we translate it to the following groupoid diagram: 



Hi Xm Hi 




Gi Xm Gi 



Go X m Go ^ Go 

We need to show that the following compositions of bibundles are isomorphic 

{Y2 XGo Gi)/Hi[= {Y2 XHo Ho XGo Gi)/Hi) 



Ho Xm Ho xgqxmGo X2i= {Ho xm Ho xgoxajGo Gi xm Gi xgqxmGo -^2)/Gi xm Gi). 

(19) 
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By item ([T]), any element in {Y2 Gi)/Hi can be written as [(t/, 1)] with rj G Y2, and 
we construct a by [(t?, 1)] ^ (c^2(^), c?o(^)) /2 (??))• First of all, we need to show that a 
is well-defined. For this we only have to notice the identification rj = [f], ho, hi, with 
f] = f2iv) ^ ^2 and hi = diirj) since /2 preserves degeneracy maps. Also 7 € -ffi can be 
written as 7 = (7, hi, h[) with 7 = 72(7) € Gi, then the Hi action on Y2 is induced in the 
following way, 

{fj, ho, hi,h2) ■ (7, hi, h[) = (r/ • 7, ho, h[,h2) 

where hi = di{r]). Hence if (j]' ,\) = (r/, 1) • {j,hi,h'i), then 7=1 and a([(r/',l)]) = 
(/i2,/io,f?) = aiiivA)]- Given {h2,ho,fj) e Ho xm Ho xgqXmGo ^2, take any hi such that 
fi{hi) = di{f]), then (/iq, /ii, /12) £ hom(9A^,y). Thus we construct by {h2,ho,f]) 1— s- 
[((r/, /iQ, /ii, /12), !)]■ By the action of Hi it is easy to see that is also well-defined. For 
the 2-morphism b the proof is much easier since in this case all the H.S. morphisms are 
strict morphisms of groupoids. So we only have to notice the commutative diagram 

M ^Go 




Ho 

Recall that the 3-multiplications on I2 are induced from those of X2 in the following 
form: 



?"o((m>2, /is, /13), (??2, K, /i5, ho), (r/3, /ii, ho)) = {mo{r]i,m,V3), ^2, /14, h), 
and similarly for other m's. 




M 
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Then we have a diagram of 2-morphisms between composed bibundles 



((^2 XAf Hi X „2 Y2/HI) Gi)/Hi {{Hi XM Y2 x^2 Y2)/Hf) xqo Gi/Hi 



{Hlx^s {X2XmGix^2X2))/GI 



{{Hlx^, {GiXmX2X^.X2))/GI 



which is 



[(l,r?o,r/2,l) 



[(/lo, /ii, /i2, r?3, 1, m)] I -""-'*- [(^0, hi,h2,l,m,m)] 

where fji = /2(??j)- Since aG{[m, 1, r/i]) = [(1, "io(r/i, f/2, ??2)], /2 preserves the 3-multiphcations 
if and only if r?T,o(?7i, ??2, %) = i-e. if and only if the above diagram commutes. So [2bl is 
also proven. 

Translating the diagrams in item (f2cl) in groupoid language, we have 



{J~\MxmHo) XG,Gi)/Hi 



restriction of 



°M xm Hq xmxmGo J^HMxmGo) 
b? 



(20) 



{Hi Gi)/Hi 



■M xm Ho xmxmGo Gi 



where J/ denotes the left moment map of X2 or Y2 to Go xm Gq or Hq xm Hq. Then the 
left diagram of ([2cl) is trivial since hf'^ = id by the construction in Section [5l For the right 

a b'^ 

diagram, we need to show that these two maps are the same: [(t/, 1)] 1-^ {h2, so{x),'i]) 

{h2,so{x),b^{v)) and [(r/, 1)] ^ ^ (/i2, so(x), /2 (6^ (??))), where x = di{h2). 

^ is constructed by m's as 

□ 



That is, we need to show h^{f2{'n)) = f2{b^{v))- Since br = if 
in Section m /2 commutes with br^s. So we proved item ([2c|l . 



To establish the inverse argument, we fix again the notation: ^ M is an SLie groupoid; 
Gi Go and Hi ^ Hq are two Lie groupoids presenting G; X and Y are the 2-groupoids 
corresponding to G and as constructed in Section ID 



Lemma 7.3. // there is a Lie groupoid equivalence H 
equivalence Y ^ X . 



G, then there is a Lie 2-groupoid 



Proof. Since both H and G present Q which is an SLie groupoid over M, we are in the 
situation described in item 2 in Lemma 16.131 that is we have a 2-morphism a satisfying 
various commutative diagram as in item ([2al) . (l2bl) . ([2cl) . We take /o to be the isomorphism 
M = M, fi the map Hq Go, /2 : ^^2 ^ X2 the map rj 1-^ [(r/, 1)] ^^ {h2,ho,fj) 1-^ f/. 
Since /2 is made up by composition of smooth maps, it is a smooth map. Since d2 x do 
is the moment map and a preserves the moment map, we have hi = di{r]) for i = 0,2. It 
is clear that /o and fi preserve the structure maps since they preserve e, s, t of ^ =^ M . 
It is also clear that dif2{r]) = fi{hi) for i = 2,0 since {h2,ho,f] = /2(??)) £ Hq Xq2 X2. 
Since a preserves moment maps, fi{di{rj)) = Jr([(?7, 1)]) = Jr{h2, ho,?]) = di{ff), where Jr is 
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the moment map to Gq of the corresponding bibundles. Hence /2 preserves the degeneracy 
maps. 

For the face maps sq,si : Di — > we again look at the commutative diagram ([20]) . 
Recalhng so(^) = b^^euih)^ we have 

f2{so{h))=prxa{[{hl^eH{h),m = b;'egfi{h) = sofiih), 

where prx is the projection Hq Xq2 X2 — > X2 and similarly for si using the diagram for br- 
Hence /2 preserves the face maps. 

The fact that /2 preserves the 3-multiplications follows from the proof of item (l2bl) of 
Lemma 17.21 

Then the induced map 4> : Y2 ^ hom(9A^,y) Xj^qjjj(-^^2 j^^) X2 is r] [(^j 1)] ^ 
(/i2,/i0)^) ^ (^0)^1)^2,??), where f/ = /2(??) and hi = diijj). As a composition of smooth 
maps (j) is smooth. Moreover (j) is injective since a is injective. For any {ho,hi,h2,f]) G 
hom(aA2,y) Xhom(9A2,x) Y2, we have (/io,/i2,??) G -H'o xm -f^o x Go X A/Go ^2- Then there is 
an such that [(r/, 1)] = a~^{hQ, h2,fj). Thus 0(ry) = (/iq, ^1(77), /12, which implies that 
fiidiiv)) = di{f)) = Therefore (1, di(r?), /ii) G Hi and di(?7 • (1, <ii(r/), /ii)) = hi, 

z = 0, 1, 2 since di is the moment map to Hq of the bibundle ¥2- So (j){'q ■ (1, di{r]), hi)) = 
(f/, /iQ, /ii, /12) which shows the surjectivity. Therefore (/> is an isomorphism. □ 

The theorem is now proven, since we only have to consider the case that when (1-) 
Morita equivalence is given by Lie (2-) groupoid morphisms. 

8 Comments on the inverse map 

In this section, we prove that the axioms involving the inverse map in the definition 

of SLie groupoid are guaranteed by the axioms of multiplication and the identity. There 

is similar treatment of the antipode in hopfish algebras [TWZ| . In fact SLie groups are a 

geometric version of hopfish algebras. 

Let ^ M be an SLie groupoid, and G := Gi Gq a good groupoid presentation of 

to 

Q as we described in Section 13.11 So there is a map e : M Gq presenting e. We look at 
the following diagram, 

Q ^mQ ^ M, 

and its corresponding groupoid picture, 

GiXmGi Gi M (21) 




GqXmGq Go M 

where Em and Eg = Gi XtQ,Go,e M are bibundles presenting the multiplication m and 
identity e of ^ respectively. We can form a G xm G left module Em Xgq E^/G. Examining 
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the G action on E^, we see that the geometric quotient (corresponding to hom_4(e, A) in 
the case of hopfish algebra) , 



{Em XGo Ee)/G = Em X J„Go,e M, 



is still a manifold with a left Gi xm Gi action (which might not be free and proper). 
Therefore, we can view it as a left G module with the left action of the first copy of G and 
a right G"^ module with the left action of the second copy of G. Here is G with the 
opposite groupoid structure. 

Lemma 8.1. The bibundle above is a Morita equivalence from G to G°p with moment maps 
pri o Ji and pr2 o . 

Proof. Let fi : g Xm G ^ G Xm G be given by (51,52) ^ {gi ■ 92,92), i e. fi = mx pr2; let 
/2 : ^ Xm ^ ^ ^ Xm ^ be given by {91,92) 1-^ {91 ■ 92^,92)- Since we have 



we have that /i o /2 and /2 o fi are isomorphic to id via 2-morphisms. Therefore /i is an 
isomorphism of stacks. Therefore Em Xpr2oJi,Go,tG Gi presenting /i is a Morita bibundle 
from the Lie groupoid Gi Xm Gi Gq x m Gq to Gi xm Gi ^ Gq x m Gq. Here the two 
moment maps are J/ (of Em) and Jr x sq- Therefore the left groupoid action of Gi Xm Gi 
is principal on the bibundle Em ^pr2oJi,Go,ta Gi- The left action of the first copy of Gi 
on Em is the left action we need. Therefore, it is naturally free. To see that the desired 
action is also transitive, take {t]i,x) and {ri2,x) in Em Xj^.^Ga,eM which project to the same 
point go in Gq by pr2 o Ji. Then (771, 1^^) and (t/2- Igo) ^-I'S both in E„i Xpf^o.ii.Go-ta 

Gi 

and both project to {e{x),go) G Gq Xm Gq via Jr x sq- Therefore, there is an element 
(7i>72) e Gi Xm Gi such that (71,72) • {m, I50) = (112, Igo)- Therefore 71 • {r]i,x) = {rj2,x), 
i.e. the action is transitive fibre-wise. 

The proof of the principality of the G"^ action is similar (one considers Gi xqo Em)- 



Remark 8.2. Another fibre product Em Xpr2oJi,Go,e M is isomorphic to Gi trivially via bj-. 
But the morphisms we use to construct the fibre product are different. 

Notice that using the inverse operation, a G"^ module is also a G module. In other 
words, the above lemma says that Em Xjr,Go,e is a Morita bibundle between G and G 
where the right G action is via the left action of the second of copy of G Xm G composed 
with the inverse. With this viewpoint, we have a stronger statement: 

Lemma 8.3. As Morita bibundles from G to G, Em Xj^^Go,e M and Ei are isomorphic. 

This lemma is not at all surprising, if we use the view point of Lie 2-groupoids: EmXj^^Go,e 
M should be imagined as degenerate triangles (on the left) 



(51,52) ^ {9192,92) ^ {{9192)92 ^52)) ~ (51,52), 



and 



(51,52) ^ {9192^,92) ^ ((5152^)52,52)) ~ (51,52), 



□ 



(22) 
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Proof. We know from the property of that g'-fl'"^ ~ 1, i.e. ((Gi Xtg,Go,Ji^O Xsgx j^.GoxmGq 
Em)/Gi xm Gi is 2-isomorphic to the module Go Xeot,Go,tG Gi presenting the map e o t : 
Q M ^ Q . We will first show that Em Xq^ M also has this property. 

Let [(l,r?i,??2)] G (((Gi x^o (^m xj^,Go,eM)) xgoxmGo ^m)/Gi xmGi (See We 
can suppose the first element to be 1 because the Gi x m Gi action on Gi is simply right 
multiplication by the first factor. Moreover, examining the morphisms in the fibre product, 
we have Ji{r]i) = Jz(??2), and the right Gi Xm Gi action is 

(7o,??i,%) • (71,72) = (70-71,(1,7^^) -m, (71,72)"^ -m)- (23) 

Since the right action of Gi on Em is principal (now viewing Em as a bibundle from Gx^G 
to G), and Ji{r]i) = J; (772), there exists a unique element 7 S Gi such that r/i • 7 = 7/2- 
Suppose [(1,771,772)] = [(1,7/1,7/2)], then by (f23ll . there exists 72 G Gi such that 771 = 
(1,7^^) • 7/1 and 7/2 = (1,72^^) ■ 7?2- Since the right action and left action on a bibundle 
commute, 7 is independent of the choice of representative of [(1, 771, 772)]. Therefore, we have 
a well-defined map 

4> ■ ((Gi XCo (Em 'Xjr,Go,e M)) XGqXmGo Em)/Gi Xm Gi Go Xeot,Go,tG ^1' 

by 

[(19,771,7/2)] ^ {g,j). 

Here (5,7) is an element of Go Xeot,Go,tG ^1 since tG'(7) = Jr{i]i). Moreover, since smooth- 
ness is a local property and all the moment maps are smooth and the groupoid action is 
principal, (f) is naturally smooth, (p is an isomorphism following from principality of the right 
Gi action on Em- Moreover, it is not hard to check that (f) is equivariant and commutes 
with the moment maps of the bibundles. Therefore, 

((Gi XGo {Em X Jr,Go,e M)) XGo xmGo Em)/Gi Xm Gi — Go Xeot,Go,tG ^1 

as Morita bibundles. One proceeds similarly to prove the other symmetric isomorphism 
corresponding to • (7 ~ 1. 

Let 99 be the composed isomorphism 

((Gi XGo(£'m X G,) e^)) XGoXA._fGo-E'm)/Gi X^/Gi ((Gi XGoEi)XGoXMGoEm)/Gi XmGi- 

(24) 

Suppose 99([(lg, 7/1, 7/2)]) = ([(1^,7/1,7/2)]) (we can still assume that the first component is 1 
because the Gi x m Gi action on both side is the right multiplication by the first copy; we 
can assume that they are 1 at the same point because commutes with the moment maps 
on the left leg). Examining the morphisms inside the fibre products, we have 

pri o Ji{-r]2) = tcilg) = pn o Ji{fi2) = g. 

Since tp commutes with the moment maps on the right leg, we have 

^r-(772) = Jrim)- 

Similarly to the proof of Lemma ISTTl we can show that Gi Xgg^Go.prioj; Em is a Morita 
bibundle from GxmG to GxmG. Then (1^, 7/2) and (1^, 7/2) are both in Gi Xsg^Gcpnoj; Em 
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and their images under the right moment map x are both {g, Jr(^2))- By principality 
of this left Gi x m Gi action, there is a unique (71, 72) E Gi 'Xm Gi such that 

(71,72) • (1,??2) = (1,^2)- 

Therefore 71 = 1 and (1, 72) • ??2 = ??2- This left Gi xm Gi action on is exactly the left 
Gi X ]\j Gi action on the second copy of Em in (f24l) . Using this 72 , we have 

(1,??1,??2) • (1,72) = (1,72^^) • (1,^,^2) = (l,Vl>%)- 

Therefore the isomorphism 

induces a map ip : Em x^q M — > ii^j by r/i 1— > r][. It's routine to check ip is an isomorphism 
of Morita bibundles. □ 

As in this Lemma, we have seen that the 2-identities satisfied by Ei are actually naturally 
satisfied by Em Xjr,Go,e Notice that for the first part of the proof, we didn't use any 
information involving the inverse map. Our conclusion is that the inverse map represented 
by Ei can be replaced by Em Xjr,Go,e M without any further conditions (not even on the 
2-morphisms). In fact, the natural 2-morphisms coming along with bibundle Em x j^^Go,eM 
naturally go well with other 2-morphisms a's and b's. 

Proposition 8.4. An SLie groupoid Q can he equally defined by all the axioms except the 
axioms involving inverses and the additional condition that Em Xjr,Go,e M is a Morita 
bibundle from G to G°^ for some good presentation G of Q . 

Proof. It is clear from the Lemma [831 that the existence of the inverse map guarantees that 
the bibundle Em Xjr,Go,e ^ is a Morita bibundle from G to G"^ for a good presentation G 
ofg. 

On the other hand, if Em xjr,Go,e M is a Morita bibundle from G to G"^ for some 
presentation G of then we construct the inverse map i : Q ^ Q hy this bibundle. Because 
of the nice properties of Em Xjr,Go,e ^ that we have proven in the first half of Lemma [831 
this newly defined inverse map satisfies all the axioms that the inverse map satisfies. □ 

Remark 8.5. This theorem holds also for W-groupoids and the proof is similar. Then one 
can see that the new definition of SLie group modulo 2-morphisms is analogous to the 
definition of hopfish algebra. 

Sometimes the inverse of an SLie groupoid is given by a specific groupoid isomorphism 
z : G — > G on some presentation (for example G{A) and Ti-IA) in [TZ06a| and (quasi-)Hopf 
algebras as the algebra counter-part). 

Lemma 8.6. The inverse map of an SLie groupoid Q is given by a groupoid isomorphism 
i : G ^ G for some presentation G if and only if on this presentation Em Xjr,Go,e ^ 'is a 
trivial right G principal bundle over Gq. 

Proof. It follows from Lemma 18.31 and the fact that the inverse is given by a morphism 
z : G — > G if only if the bibundle Ei is trivial. □ 
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